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The following notation is used in the Appendix to simplify the presentations: Kh(x) = K(x/h)/h, P (C(g) > u) =
WC
g (u), P (T (g) > u) = WT

g (u), P (X(g) > u) = WX
g (u), fg(s | t0) is the density function of Sgi given Tgi > t0, for

g = A or B,

rA(t|s, t0) =
1

fA(s|t0)ψA(t|s, t0)WC
A (t)

, and Ψ
(A)
adj (t, t0) =

∫
ψA(t | s, t0)dFB(s|t0).

In addition to the independent censoring assumption and conditions (2.1) and (2.2) stated in the text, we assume the
following regularity conditions: (1) the density function of SAi has a continuous derivatives bounded away from zero, (2)
SAi and SBi have the same bounded support ΩS , (3) ΛA(t|s, t0) has bounded continuous first and second partial derivatives
with respect to t and s, (4) {nA/n, nB/n} → (πA, πB) ∈ (0, 1)× (0, 1) as n = nA + nB →∞, (5) h = O(n−u), 1/4 <
u < 1/2, (6) K is a kernel symmetric at zero on the support (−1, 1) and

∫
K(x)2dx <∞, (7) P (T (g) > t) > 0 and

P (T (g) > t0) < 1 for g = A,B. For simplicity of presentation we suppress the γ(·) in Kh{γ(SAi)− γ(s)} and simply
write Kh(SAi − s).

Appendix A:. Justification for the Proposed Proportion of Treatment Effect Explained

We next show that under conditions (C1)-(C3), 0 ≤ ∆S(t, t0) ≤ ∆(t) and 0 ≤ RS(t, t0) ≤ 1. Using integration by parts

∆(t)−∆S(t, t0) =

∫ su

sl

ψA(t|s, t0)
{
WT
A (t0)FA(ds|t0)−WT

B (t0)FB(ds|t0)
}

=ψA(t|su, t0)
{
WT
A (t0)−WT

B (t0)
}
−
∫ su

sl

{
WT
A (t0)FA(s|t0)−WT

B (t0)FB(s|t0)
}
ψA(t|ds, t0)

=ψA(t|sl, t0)
{
WT
A (t0)−WT

B (t0)
}

+

∫ su

sl

{
P (T (A) > t0, S

(A) > s)− P (T (B) > t0, S
(B) > s)

}
ψA(t|ds, t0)

where su and sl are the upper and lower bounds of the support for S(g)|T (g) > t0, respectively. From condition
(C2), we have WT

A (t0)−WT
B (t0) = P (S(A) > sl, T

(A) > t0)− P (S(B) > sl, T
(B) > t0) ≥ 0 and P (S(A) > s, T (A) >

t0)− P (S(B) > s, T (B) > t0) ≥ 0. This, together with condition (C1) that ψA(t|s, t0) is an monotone increasing function
in s, we have ∆(t)−∆S(t, t0) ≥ 0. Furthermore, from condition (C3) that ψA(t|s, t0)− ψB(t|s, t0) ≥ 0,

∆S(t, t0) = WT
B (t0)

∫
ψA(t|s, t0)FB(ds|t0)−WT

B (t)

=

∫
{ψA(t|s, t0)− ψB(t|s, t0)}WT

B (t0)FB(ds|t0) ≥ 0.

Therefore, 0 ≤ ∆S(t, t0) ≤ ∆(t) and 0 ≤ RS(t, t0) ≤ 1 if we define 0/0 = 0 to account for the case ∆(t) = 0.

Appendix B:. Asymptotic properties of ∆̂S(t, t0)

Under regularity conditions (1), (3), (5) and (6), Λ̂A(t|s, t0) is a consistent estimator for ΛA(t|s, t0) uniformly in s ∈ ΩS
and consequently supΩS |ψ̂A(t|s, t0)− ψA(t|s, t0)| = op(1), from the uniform consistency of the conditional Nelson
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Aalen estimator [1]. This, together with the uniform consistency of the Kaplan-Meier estimator [2], implies that and

n−1
B

∑
XBi>t0

ψ̂A(t|SBi, t0)

ŴC
B (t0)

−WT
B (t0)Ψ

(A)
adj (t, t0) = n−1

B

∑
XBi>t0

{
ψ̂A(t|SBi, t0)

ŴC
B (t0)

− ψA(t|SBi, t0)

WC
B (t0)

}

+ n−1
B

nB∑
i=1

{
I(XBi > t0)ψA(t|SBi, t0)

WC
B (t0)

−WT
B (t0)Ψ

(A)
adj (t, t0)

}
= op(1)

Similarly, the inverse probability weighted estimator n−1
B

∑nB
i=1 I(XBi > t)/ŴC

B (t) is a consistent estimator of the
survival probability WT

B (t) = P (T (B) > t). Therefore, ∆̂S(t, t0)−∆S(t, t0) = op(1).

We next derive the asymptotic distribution for ŴS(t, t0) = n
1
2 {∆̂S(t, t0)−∆S(t, t0)} = π

− 1
2

B {ŴS2(t, t0)− ŴS1(t)},
where ŴS1(t) = n

− 1
2

B

∑nB
i=1{I(XBi > t)/ŴC

B (t)−WT
B (t)} and

ŴS2(t, t0) = n
− 1

2

B

nB∑
i=1

[
ψ̂A(t|SBi, t0)I(XBi > t0)

ŴC
B (t0)

−WT
B (t0)Ψ

(A)
adj (t, t0)

]
.

From the asymptotic properties of the Kaplan-Meier estimator [2],

n
1
2

B

{
1

ŴC
B (t)

− 1

WC
B (t)

}
= n

− 1
2

B

nB∑
i=1

1

WC
B (t)

∫ t

0

dMC
Bi(z)

WX
B (z)

, (1)

where MC
gi(z) = I(Xgi ≤ z)(1− δgi)−

∫ z
0
I(Xgi ≥ u)λCg (u)du and λCg (u) is the hazard function of C(g), for g = A,B.

It follows that ŴS1(t) = n
− 1

2

B

∑nB
i=1 ξBi(t) + op(1), where

ξBi(t) = WT
B (t)

{
I(XBi > t)

WX
B (t)

− 1 +

∫ t

0

dMC
Bi(z)

WX
B (z)

}
.

Furthermore

I(XBi > t)

WX
B (t)

− 1 +

∫ t

0

dMC
Bi(z)

WX
B (z)

=
I(XBi > t)

WX
B (t)

− 1 +

∫ t

0

d
{
MC
Bi(z) +MT

Bi(z)
}

WX
B (z)

−
∫ t

0

dMT
Bi(z)

WX
B (z)

=−
∫ t

0

dMT
Bi(z)

WX
B (z)

,

where MT
gi(z) = I(Xgi ≤ z)δgi −

∫ z
0
I(Xgi ≥ u)λTg (u)du, λTg (u) is the hazard function of T (g) and λXg (u) = λTg (u) +

λCg (u) is the hazard function for X(g) = T (g) ∧ C(g) for g = A,B. Therefore,

ξBi(t) = −WT
B (t)

∫ t

0

dMT
Bi(z)

WX
B (z)

and n−1
B

∑nB
i=1{I(XBi > t)/ŴC

B (t) is asymptotically equivalent to the KM estimator for the survival function of T (B) at
time t.
For ŴS2(t, t0), we may write ŴS2(t, t0) = I1 + I2, where

I1 = n
− 1

2

B

nB∑
i=1

[
ψA(t|SBi, t0)I(XBi > t0)

ŴC
B (t0)

−WT
B (t0)Ψ

(A)
adj (t, t0)

]

I2 = n
1
2

B

∫ {
ψ̂A(t|s, t0)− ψA(t|s, t0)

}
F̂B(ds, t0)
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and F̂B(s, t0) = n−1
B

∑nB
i=1 I(SBi ≤ s,XBi > t0)/ŴC

B (t0). For I1, from (1) we have I1 = n
− 1

2

B

∑nB
i=1 η

(1)
Bi (t, t0) + op(1),

where

ηBi(t, t0) = WT
B (t0)Ψ

(A)
adj (t, t0)

[
ψA(t|SBi, t0)

Ψ
(A)
adj (t, t0)

I(XBi > t0)

WX
B (t0)

− 1 +

∫ t0

0

dMC
Bi(u)

WX
B (u)

]

= WT
B (t0)Ψ

(A)
adj (t, t0)

[{
ψA(t|SBi, t0)

Ψ
(A)
adj (t, t0)

− 1

}
I(XBi > t0)

WX
B (t0)

−
∫ t0

0

dMT
Bi(u)

WX
B (u)

]

For I2, we note that under regularity conditions (1), (3), (5) and (6),

Λ̂A(t|s, t0)− ΛA(t|s, t0) = n−1
A

nA∑
i=1

[
Kh(SAi − s)

∫ t

t0

rA(u|s, t0)HAi(du|s, t0)

]
+Op(h

2)

uniformly in s, where

HAi(t|s, t0) =
I(XAi > t0)

WT
A (t0)

MT
Ai(t|s, t0), MT

Ai(t|s, t0) = I(XAi ≤ t)δAi −
∫ t

0

I(XAi ≥ u)ΛTA(du|s, t0).

It then follows from the functional delta method [3] that

ψ̂A(t|s, t0)− ψA(t|s, t0)

ψA(t|s, t0)
= −n−1

A

nA∑
i=1

[
Kh(SAi − s)

∫ t

0

rA(z|s, t0)HAi(du|s, t0)

]
+Op(h

2).

Therefore,

I2 = −n−1
A n

1
2

B

nA∑
j=1

∫ ∫ t

t0

ψA(t|s, t0)Kh(SAj − s)rA(u|s, t0)HAj(du|s, t0)F̂B(ds|t0) + op(n
1
2

Bh
2)

= −n−1
A n

1
2

B

nA∑
j=1

I(XAj > t0)

WT
A (t0)

∫ t

t0

{∫
ψA(t|s, t0)Kh(SAj − s)rA(u|s, t0)F̂B(ds|t0)

}
MT
Aj(du|s, t0) + op(1)

Noting that
sup

u∈[t0,t],s̃∈ΩS

|Hε,n(u, s̃)| = op(1),

where

Hε,n(u, s̃) =

∫
ψA(t|s, t0)Kh(s̃− s)rA(u|s, t0)F̂B(ds|t0)− fB(s̃|t0)ψA(t|s̃, t0)

fA(u|s̃)ψA(u|s̃, t0)WC
A (u)

,

we have

n
− 1

2
A

nA∑
j=1

I(XAj > t0)

WT
A (t0)

∫ t

t0

{∫
ψA(t|s, t0)Kh(SAj − s)rA(u|s, t0)F̂B(ds|t0)

}
M
T
Aj(du|s, t0)

=n
− 1

2
A

nA∑
j=1

I(XAj > t0)

WT
A (t0)

∫ t

t0

fB(SAj |t0)ψA(t|SAj , t0)

fA(u|SAj)ψA(u|SAj , t0)WC
A (u)

M
T
Aj(du|s, t0) + n

− 1
2

A

nA∑
j=1

I(XAj > t0)

WT
A (t0)

∫ t

t0

Hε,n(u, SAj)M
T
Aj(du|s, t0)

=n
− 1

2
A

nA∑
j=1

I(XAj > t0)

WT
A (t0)

∫ t

t0

fB(SAj |t0)ψA(t|SAj , t0)

fA(u|SAj)ψA(u|SAj , t0)WC
A (u)

M
T
Aj(du|s, t0) + op(1).

Here we used the fact that the variance of n−
1
2

A

∑nA
j=1

I(XAj>t0)

WT
A (t0)

∫ t
t0
Hε,n(u, SAj)M

T
Aj(du|s, t0) is bounded by

E sup
(u,s̃)∈[t0,t]×ΩS

|Hε,n(u, s̃)|2
[∫ t

t0

I(XAj > u)

WT
A (t0)2

ΛTA(du|s, t0)

]
= o(1).

Therefore

I2 = (πB/πA)
1
2n
− 1

2

A

nA∑
j=1

ηAj(t, t0) + op(1),
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where

ηAj(t, t0) = ψA(t|SAj , t0)
I(XAj > t0)fB(SAj |t0)

WX
A (t0)fA(SAj |t0)

∫ t

t0

MT
Aj(du|SAj , t0)

ψA(u|SAj , t0)WC
A (u|t0)

and WC
A (u|t0) = P (C(A) > u|C(A) > t0). It follows that

ŴS(t, t0) = (πBnB)−
1
2

nB∑
i=1

{ηBi(t, t0)− ξBi(t, t0)}+ (πAnA)−
1
2

nA∑
j=1

ηAj(t, t0) + op(1),

Therefore, under regularity condition (4), ŴS(t, t0) converges to a normal distribution with mean zero and variance
σ2
S(t, t0) = π−1

B E[{ηBi(t, t0)− ξBi(t, t0)}2] + π−1
A E{ηAj(t, t0)2} by the central limit theorem.

Appendix C:. Justification of the perturbation-resampling procedure

Let Ŵ(b)
S (t, t0) = n

1
2 {∆̂(b)

S (t, t0)−∆S(t, t0)}. Using similar arguments as given in Appendix A, it can be shown that

Ŵ(b)
S (t, t0) = (πBnB)−

1
2

nB∑
i=1

{ηBi(t, t0)− ξBi(t, t0)}V (b)
Bi + (πAnA)−

1
2

nA∑
j=1

ηAj(t, t0)V
(b)
Ai + op̃(1)

where V(b) = {V (b)
B1 , · · · , V

(b)
BnB

, V
(b)
A1 , · · · , V

(b)
AnA
} are i.i.d positive random variables with unit mean and variance as well

as a finite third moment and p̃ is the joint probability measure generated by V(b) and data. Coupled with the expansion for
∆̂S(t, t0)−∆S(t, t0), it implies that

n
1
2 {∆̂(b)

S (t, t0)− ∆̂S(t, t0)} = (πBnB)−
1
2

nB∑
i=1

{ηBi(t, t0)− ξBi(t, t0)}(V (b)
Bi − 1)

+ (πAnA)−
1
2

nA∑
j=1

ηAj(t, t0)(V
(b)
Ai − 1) + op̃(1).

Conditional on the observed data and thus conditional on {ξBi(t, t0), ηBi(t, t0), ηAj(t, t0), i = 1, · · · , nA, j = 1, · · · , nB},
n

1
2 {∆̂(b)

S (t, t0)− ∆̂S(t, t0)} converges weakly to a mean zero Gaussian random variable with a variance of σ2
S(t, t0), as

n→∞. Therefore

sup
x

∣∣∣∣ pr
(
n

1
2 (∆̂

(b)
S − ∆̂S) ≤ x | data

)
− pr

(
n

1
2 (∆̂S −∆S) ≤ x

) ∣∣∣∣= op(1),

and the conditional distribution of n
1
2 {∆̂(b)

S (t, t0)− ∆̂S(t, t0)} can be used to approximate that of n
1
2 {∆̂S(t, t0)−

∆S(t, t0)} when the sample size is large.
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